Fast b-Matching via Sufficient Selection Belief Propagation

Summary

Maximum weight perfect b-matching (b-matching) is useful for resource
allocation, semi-supervised learning, spectral clustering, graph
embedding, and manifold learning.

Posing b-matching as probabilistic inference yields a lightweight belief
propagation (BP) solver: O(N°) time and O(N?) space for a dense graph
of N nodes (Huang & Jebara 2007).

We provide two speedups that significantly improve the scalability of BP
for b-matching.

Space: O(N?) — O(N). We unroll recursion, and characterize beliefs
with two N x 1 vectors instead of N x N matrix.

Time: O(N?) — O(N??). We compute message updates via sufficient
selection, based on faster BP by McAuley & Caetano (2010).

Maximum Weight Perfect b-Matching

Given sets of node descriptors {x1, ... . Xm} and {Xm+1, ---» Xm+n},
target degrees { b1, ..., bm+n}, and weight function W, compute

m m-+n
argmax SJ SJ Ai W (xi, ;)
A i=1 j=m+1
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S.t. Z Ajj = bi, Vi, Ajj = Aji,v(",f)
j=1

W s any function, e.g., linear kernel, or arbitrary weights, and N=m + n.

Belief Propagation for b-Matching

Writing b-matching objective as factorized probability distribution,
standard loopy BP is guaranteed to converge to true optimal setting
in O(N) iterations when the LP-relaxation is integral (Huang &
Jebara 2007; Sanghavi et al. 2008).

The simplified belief update rule uses the selection operation, denoted
ox(S) = s € S where |{t € S|t > s}| = k.

The belief update rule is
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Bf = W(xi,5) — on,({BL |k # 1}).

BP stores N x N matrix of beliefs: O( N?) additional space.

Using classical selection algorithms, each row takes O(N ) to
update, O( N?) per iteration, O(/N?) total work until convergence.
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Saving Space by Unrolling Recursion
The selection operation for each update returns one of two values:
on({BL Mk # 1}) € {0, ({BL M KY), on41({BL k)

We name these two values o = —ou,({B} '1k}), Bf = —ob1({Bj *|k}).

Ef AL £ 1
The belief lookup rule is then B = W(x;, x;) + {O‘J i Ay 7

B; otherwise.

The &, 3 beliefs and the current j———emccccccccc e c—c—————

estimate for A can be computed by Algorithm 2 Sufficient Selection. Given
looking at one row at a time, and the full B
matrix need never be stored in memory.

Bt values and partial sort-order of weights, selects the
b;’th and b; + 1'th greatest beliefs of row j.
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Saving Time with Sufficient Selection
Each belief row is an element-wise sum of two vectors W(x;,) and & or 3

McAuley & Caetano (2010) exploited similar structure by pre-sorting each vector,
computing maximization in expected O(v/N ) time

We compute b-selection, and keep a sorted cache of the top weights
Sort 3 messages at beginning of each iteration

Sufficient selection: examine entries corresponding to greatest Wand 3 in order.
Stop looking at values after seeing b greater than bound on remaining entries:

greatest unseen entry < (least W so far) + (least 3 so far)

| @ visited, certain at top
! | © visited, uncertain

! | @ unvisited @)
1 | @ worst-case unvisited

vw

Figure 1. Visualization of sufficient selection. Selecting W + 3, we
can stop once b points are green. Red points are unvisited, and in

I the worst case are located at the gray dot. ,

Theorem 1. Considering the element-wise sum of two real-valued vectors of
length N with independently random sort orders, the expected number of
elements that must be compared to compute the selection of the b'th greatest

entry op({w; + Bi|i}) is O(v/bN).
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Experiments: Synthetic Data

Synthetic Gaussian data: 20 dimensional, zero-mean, negative
Euclidean weights
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Averaged over 1300 runs per size
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Figure 2. Running time for 1-matching compared to
full BP and (unipartite) Blossom V (Kolmogorov 2009)
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Figure 3. Running time on synthetic Gaussian data
using different cache sizes (cache sizeis cN;c=0 s

g equivalent to previous belief propagation algorithm) )

Experiments: MNIST Digits

MNIST digit matching: Match each test digit to 6b training digits
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Figure 4. Running times for matching subsampled

. MNIST data using different cache sizes. ,
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byy bt | Time (min.) Belief Lookups | % Full
1 6 285.77 45992 x 1019 | 0.94%
4 24 306.76 5.2208 x 1019 | 1.11%

Table 1. Running time for full MNIST (60,000 x
10,000 candidate edges). Neither memory nor
running time would be bearable on a PC without the
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